Abstract. We show that any two non-conjugate points on a forward or backward complete connected Finsler manifold can be joined by infinitely many geodesics which are not covered by finitely many closed ones, provided that the Betti numbers of the based loop space grow unbounded.
Introduction
A celebrated result by M. Morse [12, Theorem 13.3, p. 239] states that any two points on a complete connected Riemannian manifold M can be joined by infinitely many geodesics provided that the homology H * (ΩM, K) of the based loop space of M , with respect to any coefficient field K is non trivial in infinitely many dimensions. By a theorem of J-P. Serre [17] , the assumption on the non triviality of the homology groups is satisfied if there exists i > 0 such that H i (M, K) is non trivial -e.g. if M is compact or non contractible.
A related issue to the above is to find topological conditions under which the infinitely many geodesics expected from that result are "geometrically distinct", in the sense that they are not covered by finitely many closed geodesics of M , as it doesn't happen, for example, for two non-antipodal points on a standard sphere which are connected by infinitely many ones whose supports are contained in the same closed geodesic.
Let N (p, q, L) be the function which counts the number of geodesics between the points p and q having length strictly less than L. If the geodesics joining p to q are covered by a finite number m of closed ones, then N (p, q, L) ≤ 2m(1 + L/L 0 ), where L 0 is the length of the shortest prime closed geodesic. Thus, superlinear growth of N (p, q, L) implies that there exist infinitely many geometrically distinct geodesics. For example, it is well known that in compact, connected, simply connected, rationally hyperbolic manifolds, the integers µ i = j≤i β j (ΩM, Q), β j = dim(H j (ΩM, Q)), grow exponentially (see, for example, [14, Prop. 5.6] ) and then, if the points p and q are non-conjugate, N (p, q, L) has also exponential growth since, by a result of M. Gromov [9] , there exists a constant C > 0 depending on M , such that
On the other hand, for rationally elliptic manifolds, the numbers µ i grow at most polynomially. More generally, from the main theorem in [11] and (1), it follows that, if p and q are non-conjugate, N (p, q, L) has at least quadratic growth in any simply connected, compact, connected Riemannian manifold that does not have the integral cohomology of a rank one symmetric space (see [11, Corollary B] ). M. Tanaka in [18, Problem C, p.183] asked if for a compact simply connected Riemannian manifold (M, g) it is enough to assume that the sequence of Betti numbers β i (ΩM, K) is unbounded to get that any two points on M can be joined by infinitely many geometrically distinct geodesics. He stated also that in case the two point are non-conjugate the problem can be solved positively by an analogous technique as in the proof of Theorem 4.1 in [18] .
In this note we give a detailed proof of the Tanaka's statement for a connected, complete, Riemannian manifold (M, g). Rather than remaining in a Riemannian background, we will take advantage of the recently developed infinite-dimensional Morse theory for Finsler geodesics, [5, 6] , and will give our result in the larger class of Finsler metrics. The assumption on the Betti numbers in Theorem 1.1 is analogous to that on the Betti numbers of the free loop space in [8] . Actually the proof of Theorem 1.1 is also based on an estimate on the Morse indices of iterated closed geodesics given in [8] and indeed we will not use (1). We point out that when M is a simply connected, compact, connected manifold that does not have the integral cohomology of a rank one symmetric space, then Theorem 1.1 applies since, as shown in [11] , the Betti numbers β i (ΩM, Z p ) grow unbounded.
We also point out that forward or backward completeness in Theorem 1.1 can be weakened into condition (2) below. This is because Palais-Smale condition and Morse theory for the energy functional of a Finsler metric hold under that assumption (see Remark 10 in [5] and the comments before Theorem 5.2 in [7] ).
Finsler metrics and Jacobi fields
Let us introduce some definitions and properties about Finsler metrics. For more details, see for example [3] .
Let M be a manifold, T M its tangent bundle, π : T M → M the natural projection and F : T M → [0, ∞) a continuous function. Then, we say that F is a Finsler metric on M if (i) F is smooth in T M away from the zero section, (ii) F is positive homogeneous, that is, F (λv) = λv for every v ∈ T M and λ > 0, (iii) F 2 is fiberwise strongly convex, that is, the fundamental tensor
where u, w ∈ T π(v) M , is positive definite for every v ∈ T M . Let us denote as C p,q the set of piecewise smooth curves from p to q defined on the interval [0, 1]. Then, we can define the Finsler distance from p to q as
whereα denotes the derivative of α. Finsler metrics are not reversible in general and, as a consequence, the distance d F is not necessarily symmetric. Thus we distinguish between forward and backward Cauchy sequences and forward and backward balls, denoted respectively by B + F (x, r) and B − F (x, r), for every x ∈ M and r > 0, and defined as
Moreover, we will denote byB
We say that a Finsler metric satisfies condition (cap) if
We remark that this condition is weaker than forward or backward completeness (see Example 4.6 in [7] ). The Cartan tensor is defined as the trilinear form
.
Observe that C v is symmetric, that is, the value does not depend on the order of u 1 , u 2 and u 3 and it is homogeneous of degree −1, that is,
Moreover, if one of the vectors u 1 , u 2 and u 3 is proportional to v, then C v (u 1 , u 2 , u 3 ) = 0. Given a vector field V in an open set U ⊂ M non-zero everywhere, we define the connection ∇ V as the only linear connection on U satisfying
for any vector fields X, Y and Z on U . We observe that this connection can be in some way identified with the Chern connection (see [16] ). Furthermore, we define the curvature tensor of g V as , where T w =γ w and V w =β t . It can be shown that this quantity does not depend on the variation Ψ. Let ΛM be the space of periodic curves c : S 1 → M of Sobolev class H 1 with respect to an auxiliary Riemannian metric h of M . Moreover, given p, q ∈ M , let Ω pq M be the space of H 1 -curves from p to q parametrized on the interval [0, 1]. Periodic geodesics and geodesics connecting the points p and q in (M, F ) are the critical points of the energy functional
defined respectively on the manifolds ΛM and Ω pq M . Thus using (3) and (4), we can prove that they satisfy the equation D 
Morse index of iterated geodesics between two points
The second variation of the energy functional E F at a geodesic γ is given by the index form In the following we will also consider the situation when p = q ∈ c(S 1 ) and consequently we will consider the index form I c as defined in
Let us call λ(γ) the index of I γ ,λ(c) the index of I c and λ(c) the index of the restriction of I c to the space
The difference between the two indices is the so-called concavity index con(c).
It is well known that con(c) is uniformly bounded (see Equation (1.4) in [2] ). For the reader convenience, we will now prove this property in the Finslerian setting. The following lemma in [4] is an infinite dimensional version of a result in [1, page 120]. 
Let J(c) be the vector space of Jacobi fields along c. We will consider the following subspaces:
Observe that the kernel of I c is equal to J p (c) and the kernel of I c restricted to the space
Proposition 3.2. Let us define the bilinear form b :
Proof. That the bilinear form I c is continuous, symmetric and essentially positive can be shown as in Lemma 2 of [5] . Moreover, applying integration by parts we deduce that
Then the proof is a direct application of Lemma 3.1 with B = I c , X = T c ΛM and 
Proof. Consider the linear maps
They are injective maps and their images constitute two orthogonal subspaces with respect to the scalar product V, W = 1 0
follows.
We observe that Lemma 1 in [8] about the Morse index of iterated Riemannian closed geodesics can be reproduced word for word in Finsler closed geodesics (cf. also last section in [15] ). 
Remark 3.5. Observe that ifλ(c m ) = 0 for any m ∈ N, then also λ(γ m−1 ) = 0 for all m ∈ N. Indeed, first notice that λ(c m r ) = 0 for all r ∈ c(S 1 ). Let γ qp be the geodesic arc from q to p such that c p is the composition of γ 0 and γ qp . From Lemma 3.3,
An analogous result to Lemma 3.4 holds also for the iterated geodesics between two points. 
Proof. Observe that, by using Lemma 3.3, we deduce that
where γ pq and γ qp are the arcs of c that go from p to q and from q to p respectively. Then summing the inequalities in (9),
and recalling thatλ(c m ) = λ(c m p ) + con(c m ) and inequality (5),
By Remark 3.5, if there exists n 0 ∈ N such that λ(γ n0 ) = 0, thenλ(c n0+1 ) = 0. Thus we get (8) from (7) and (10) .
Proof of Theorem 1.1. Let N k (p, q) be the number of geodesics between p and q having index k. As Ω pq M is homotopically equivalent to ΩM (that can be seen, for example, as in [10, Th 1.2.10]), we can assume that the sequence of Betti numbers β k (Ω pq M, K) is unbounded. By the Morse relations (for the Riemannian case see Corollary (3) at p. 338 of [13] and the subsequent remark, for the Finsler extension, see Theorem 9 of [5] ), we know that β k (Ω pq M, K) ≤ N k (p, q). By contradiction, assume that there exist (c j ) j=1,...,l prime closed geodesics covering each geodesic arc between p and q. If, for all j and m, λ(γ the first iterate to have index k, the number of subsequent iterates that may have index k is less than max{ bi2 bi1 , 2}, thus it is independent of k. Hence N k (p, q) and then also β k (Ω pq M, K) are uniformly bounded with respect to k by K = h · max i=1,...,h { bi2 bi1 , 2}, getting a contradiction.
